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the help of the basic concepts of beams on elastic foundation. The end closure 
behaves as a circular plate supported at the edge and uniformly loaded by the 
internal pressure. When free to deform under this load, the closure tends to bend 
to an approximately spherical shape. This process results in a finite slope at the 
edge of the closure. At the same time, the cylindrical part of the vessel experiences 
an axisymmetric radial growth due to the internal pressure. However, this growth 
must be restricted at the juncture, resulting in a shear force and a bending moment 
at each point of the circumference. 

In the lower portion of Fig. 24.8, we have a sketch of forces at point A of the 
juncture, where W* and M 0 * are the shear force and the bending moment per inch 
of circumference required to keep the joint in static equilibrium. These local forces 
are created because the internal pressure tends to separate the end closures from 
the cylindrical portion of the vessel. Once the magnitudes and directions of W* 
and Mq are known, the relevant displacements and stresses can be calculated from 
the formulas derived for beams on elastic foundation. 

Note that such formulas are given as functions of x , representing damped-out 
waves of rapidly decreasing amplitudes. These particular characteristics of beams 
on elastic foundation are very well suited to modeling the discontinuity effects, such 
as secondary stresses. 

It is recalled that secondary stresses are developed due to the constraints of 
the adjacent parts. As shown in Fig. 24.8, for example, the end closure provides 
a constraint because of the differential amounts of growth and dilation of the con¬ 
nected parts under internal pressure. In contrast to such secondary stresses, the 
vessel is subjected to primary stresses. In this category, for example, we have the 
well-known membrane stresses, which will be discussed later in conjunction with 
piping and pressure vessel design. 

Equations (24.23) and (24.24) are particularly useful in studying discontinuity 
stresses in pressure vessels. It is also to be noted that in solving various problems 
of beams on elastic foundation involving several loads acting simultaneously, the 
method of superposition and reciprocity apply. The latter theorem dates back more 
than 100 years [133, 134]. It means that when load W moves, say, from point A to 
B on a beam, the deflection at B with load at A will be equal to deflection at A 
with the same load applied at B. 

Essentially, then, the theory of beams on elastic foundation can be applied to 
two classes of problems. The first one is concerned with the local loads, such as that 
shown in Fig. 24.5, where the effect of the displacements and forces is damped out 
rather rapidly on both sides of the applied load. The other case may be defined by 
Fig. 24.6 and the design formulas given by Eqs. (24.19) to (24.24). Here we assume 
that the effect is also local and the beam is infinitely long, starting at x = 0. This 
case can then represent the effect of forces W* and M 0 * when they are applied to a 
rotationally symmetric edge such as that of a circular cylinder, sphere, or a conical 
shell. 

The problem becomes very complicated when the beam or shell cannot be re¬ 
garded as relatively long. In other words, structural transitions such as vessel heads, 
circumferential stiffeners, or other abrupt changes in the structure are so close to 
each other that the disturbances in the deformation and stress fields interfere with 
one another. Under these conditions it becomes necessary to evaluate all four con¬ 
stants, such as C 1 through C 4 in Eq. (24.17). Such solutions have been worked in 



